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Abstract
Let G be a locally compact group and ! be a symmetric weight function on
G. We dene a co-product  ! on the weighted algebra L1(G;! 1) of essentially
!-bounded Borel measurable functions on G and show that L1(G;! 1) becomes
a Kac algebra with natural co-inverse ! and Haar weight !. We use the machin-
ery of Kac algebras to introduce the weighted Fourier and Fourier-Stieltjes algebra
A(G;! 1) and B(G;! 1) of G.
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1 Introduction
There is a full-edged duality theory for abelian locally compact groups, namely the
Pontryagin duality [5]. In this case, the dual object is a genuine group, whose dual
happen to be the original group. Attempts to generalize this neat duality theory to
non-abelian groups, although not quite successful, has generated a variety of fruitful
pieces of advance Mathematics. To name some of the most celebrated approaches
to non-abelian duality, one could not hesitate to mention the Tannaka-Krein duality
for compact groups and the theory of Kac algebras. These are, in a sense, dierent
in nature. The former uses representation theory of the original group to produce a
monoidal category, through which it recovers the original group. Here no "actual"' dual
object is constructed, and we are dealing with a "`recovery process", rather than an
1E-mail Address: a mahmoodi@iauctb.ac.ir234 Mathematical Sciences Vol. 4, No. 3 (2010)
actual "duality". The latter, on the other hand, introduces a concrete "dual object",
but not in the same category. More precisely, the duality is lifted to the level of
"algebras of functions" over the group. This is done by encoding the "group data" in
the von Neumann algebra L1(G) of essentially bounded, Borel measurable functions on
G (now considered as a bi-algebra to accommodate the group multiplication in its co-
product) and nding the dual "bi-algebra" (the group von Neumann algebra V N(G),
in this case) using the machinery developed for general structures, called Kac algebras
[2], modeled after L1(G) endowed with its canonical co-inverse and Haar integral.
The same idea has recently formulated in a more elaborate, but less symmetric fashion
(using C-algebras instead of von Neumann algebras) in the theory of (locally compact)
quantum groups.
The starting point of the theory of Kac algebras is to recognize that the multiplica-
tion map m : GG ! G; (s;t) 7! st could be naturally lifted to an algebra homomor-
phism (called co-multiplication)  a : L1(G) ! L1(G  G) dened by  a(f)(s;t) =
f(st), for f 2 L1(G) and s;t 2 G. Similarly, the inverse map and Haar measure are
lifted to co-inverse and Haar weight a and a on L1(G). The index a is meant to
indicate that we are dealing with an abelian Kac algebra, namely that L1(G) is a com-
mutative Kac-algebra, denoted by Ka(G). The dual (symmetric) Kac algebra Ks(G)
consists of the group von Neumann algebra V N(G) with co-inverse and Haar weight
s and s and co-multiplication  s : V N(G) ! V N(G) 
 V N(G);(s) 7! (s) 
 (s),
where  : G ! B(L2(G)) is the left regular representation [2].
Let C(G) and W(G) be the enveloping C-algebra and the enveloping von Neu-
mann algebra of L1(G), respectively. The Kronecker product enables us to put on
W(G) almost a structure of Hopf-von Neumann algebra, and its predual which is the
dual of C(G), is therefore an involutive Banach algebra, called the Fourier-Stieltjes
algebra of G and denoted by B(G), studied by Eymard [4]. Alternatively, by preduliz-
ing the canonical surjection from the von Neumann algebra generated by L1(G) onto
V N(G), one obtains an isometric, multiplicative and involutive homomorphism from
L1(G) in the Fourier- Stieltjes algebra B(G), whose image is the Fourier algebra A(G),
which is a self-adjoint ideal of the Fourier- Stieltjes algebra B(G) [4], and could be
regarded as "dual" of L1(G).
In this paper, with above ideas in hand, we introduce the weighted Fourier andAmin Mahmoodi 235
Fourier-Stieltjes algebras of G. The weighted algebras of functions over a locally com-
pact group G, most notably including the Beurling algebra L1(G;!), are considered of
great importance in Harmonic Analysis [1]. Although there is an extensive literature
on various weighted function and measure algebras (see [1] and references therein),
a general notion of weighted Fourier algebras is missing. Some attempts to introduce
such a notion for the special case of the unit circle could be traced back in the literature
(see [5] and [3]). We warn the reader that, for G = T, our weighted Fourier algebra
A(G;! 1) does not coincide with A!(T) dened and studied in [5] and [3]. The weight
! in A!(T) is a weight on the dual group Z and the multiplication in A!(T) is just
the point wise multiplication, where as we use a multiplication :! on A(T;! 1) which
depends on !. As a result A!(T) is a subset of C(T), where as A(T;! 1) is a subset
of C(T;! 1).
The paper is organized as follows: In section two, we show that the von Neumann
algebra L1(G;! 1) with co-multiplication  ! and co-inverse ! is a Hopf-von Neumann
algebra. also we introduce the !-left regular representation of G and study positive
denite elements in L1(G;! 1). The weighted Fourier-Stieltjes algebra B(G;! 1) is
introduced and studied in section three. Section four is devoted to the fundamental
operator and Fourier representation for the weighted case. Finally in the last section, we
introduce the weighted Fourier algebra A(G;! 1) of G and study its basic properties.
2 A co-involutive Hopf-von Neumann algebra
Let G be a locally compact group and ! be a weight function on G. i.e ! is a continuous
function on G into R+ such that
!(e) = 1 and !(st)  !(s) !(t) (s;t 2 G)
where e is the identity element of G. The Beurling algebra L1(G;!) is the set of all
complex Borel measurable functions f : G  ! C such that
jjfjj! :=
Z
G
jf(t)j !(t) dt < 1;
where dt is the left Haar measure on G. This is a Banach algebra with the above norm
and convolution product
f ? g(s) =
Z
G
f(t) g(t 1s) dt ; (f;g 2 L1(G;!); s 2 G):236 Mathematical Sciences Vol. 4, No. 3 (2010)
We use the notation L1(G;! 1) to show the set of all complex Borel measurable
functions f : G  ! C such that jjfjj!;1 := jj
f
!jj1 < 1. This is the Banach space dual
of the Beurling algebra via the pairing
hf;gi =
Z
G
f(t) g(t) dt ; (f 2 L1(G;!); g 2 L1(G;! 1)):
One can dene the spaces C0(G;!), LUC(G;!) similarly. For more details we refer
the reader to [1]. The algebra L1(G;! 1) is a commutative, unital C-algebra with
respect to the product !, dened by
f ! g(s) =
f(s) g(s)
!(s)
(f;g 2 L1(G;! 1); s 2 G):
The identity of this algebra is ! and the involution is the complex conjugate. Indeed
L1(G;! 1) is a commutative von Neumann algebra.
We dene a convolution product ?! on L1(G;!) by
f ?! g(s) :=
Z
G
f(t) g(t 1s)
!(t) !(t 1s)
!(s)
dt ; (f;g 2 L1(G;!); s 2 G):
It is easy to see that with this convolution L1(G;!) becomes a Banach algebra.
Remark 2.1 Although the map f 7 ! !f is an isometric isomorphism from (L1(G);?)
onto (L1(G;!);?!), we always consider L1(G;!) equipped with the convolution product
?!. This is mainly because the canonical co-product on L1(G;! 1) induces, through
the machinery of Kac algebras, the above product on L1(G;!).
The von Neumann tensor product L1(G;! 1)
L1(G;! 1) may and will be iden-
tied with L1(G  G;(!  !) 1), which !  ! is the weight function on the locally
compact group G  G dened by !  !(s;t) = !(s) !(t), for s;t 2 G.
For each f 2 L1(G;! 1) we dene  !(f) on G  G by
 !(f)(s;t) := f(st)
!(s) !(t)
!(st)
(s;t 2 G):
Thanks to the above identication,  !(f) belongs to L1(G;! 1) 
 L1(G;! 1) .
Moreover, if ! be symmetric, that is !(s) = !(s 1), for all s 2 G, then we may
dene the involution  on L1(G;!) by
f(s) := (s 1)  f(s 1) (f 2 L1(G;!); s 2 G)Amin Mahmoodi 237
where  is the modular function on G. From now on, we suppose that ! is a symmetric
weight function on G. Finally, for f 2 L1(G;! 1), dene !(f) by
!(f)(s) := f(s 1) (s 2 G):
Evidently,  ! and ! are linear, multiplicative and preserve the adjoint.
Lemma 2.2 For each f 2 L1(G;! 1) and h;k 2 L1(G;!), we have
(i) h !(f);h 
 ki =
R
G f(t) (h ?! k)(t) dt;
(ii) h!(  f);h i =
R
G f(t) h(t) dt:
In particular,  ! and ! are normal homomorphisms.
Proof. We have
h !(f);h 
 ki =
Z
GG
 !(f)(s;t) (h 
 k)(s;t) ds dt =
Z
G
Z
G
f(t)
!(s) !(s 1t)
!(t)
h(s) k(s 1t) ds dt
=
Z
G
f(t) (h ?! k)(t) dt :
Since the algebraic tensor product L1(G;!)  L1(G;!) is weakly dense in the predual
of L1(G;! 1) 
 L1(G;! 1), this equation ensures the normality of  !. Similarly
Z
G
f(s) (s 1)  h(s 1) ds =
Z
G
f(s 1)  h(s) ds = h!(  f);h i;
which brings the normality of ! and completes the proof.
It is well known that there is a one-to-one correspondence between continuous uni-
tary representations of G and non-degenerate -representations of L1(G). Since ! is
symmetric, , by Remark 2.1, we have the same one-to-one correspondence for L1(G;!)
with the convolution product ?!. indeed, if  is a continuous unitary representation of
G on some Hilbert space H, then the equality
(f) =
Z
G
f(s) !(s) (s) ds (f 2 L1(G;!))
denes a non-degenerate -representations of L1(G;!) on H. In particular, for the
Hilbert space
L2(G;! 1) := f f is Borel measurable : jjfjj! 1;2 = (
Z
G
jf(s)j2
!2(s)
ds)1=2 < 1 g238 Mathematical Sciences Vol. 4, No. 3 (2010)
with inner product
(f j g)! :=
Z
G
f(s)  g(s)
!2(s)
ds (f;g 2 L2(G;! 1))
we dene a representation ! of G on L2(G;! 1) by
(!(t)g)(s) := Lt(
g
!
)(s) !(s) =
g(t 1s)
!(t 1s)
!(s) (g 2 L2(G;! 1); s;t 2 G):
For g;h 2 L2(G;! 1) and s;t 2 G, we have
(!(t)g j h)! = (Lt(
g
!
) j
h
!
); !(st) = !(s) !(t);
and
jj!(t)gjj! 1;2 = jj
!(t)g
!
jj2 = jjLt(
g
!
)jj2 = jj
g
!
jj2 = jjgjj! 1;2:
Also !(t) = !(t 1) = !(t) 1, so that ! is a unitary representation of G. The
representation ! will be called the !-left regular representation of G on L2(G;! 1).
The corresponding non-degenerate -representation of L1(G;!) on L2(G;! 1) is given
by
(!(f)g)(t) =
Z
G
f(s) g(s 1t)
!(s) !(t)
!(s 1t)
ds (f 2 L1(G;!); g 2 L2(G;! 1); t 2 G):
We denote the von Neumann algebra generated by the image of the !-left regular
representation ! in B(L2(G;! 1) by V N(G;!) and call it the weighted group von
Neumann algebra of G.
Denition 2.3 (2, 1.2.1, 1.2.5) A couple (M; ) is called a Hopf-von Neumann
algebra if
(i) M is a W-algebra.
(ii)   is an injective normal homomorphism from M to the W-algebra M 
 M
such that  (1) = 1 
 1 and the following diagram commutes.
M
          ! M 
 M
 
? ?
y
? ?
y 
i
M 
 M         !
i
 
M 
 M 
 M
Namely,   is a co-associative co-product on M. If moreover,Amin Mahmoodi 239
(iii) there is an involutive anti-automorphism  of M, that is a linear mapping
 : M ! M such that for every x;y 2 M, (xy) = (y) (x), (x) = (x) and
((x)) = x, and
(iv) the following diagram commutes
M
         ! M
 
? ?
y
? ?
y 
M 
 M         !


M 
 M
then the triple H = (M; ;) is called a co-involutive Hopf-von Neumann algebra.
In this case, the anti-automorphism  is called a co-involution or co-inverse on M.
If (M; ;) is a co-involutive Hopf-von Neumann algebra, then the formulas
hx;X   Xi = h (x);X 
  Xi (x 2 M; X;  X 2 M)
and
hx;Xi = h(x);X i (x 2 M; X 2 M)
dene a product  and an involution  on M so that it becomes an involutive Banach
algebra.
Theorem 2.4 The triple H!(G) := (L1(G;! 1); !;!) is an abelian co-involutive
Hopf-von Neumann algebra. The product induced on the predual algebra L1(G;!), is
the convolution product ?! and the involution is the canonical one.
Proof. By Lemma 2.2, it is clear that  ! is an injective normal homomorphism from
L1(G;! 1) to the von Neumann algebra L1(G;! 1)
L1(G;! 1), and  !(!) = !
!.
For each f 2 L1(G;! 1) and x;y;z 2 G, we have
( ! 
 i)  !(f)(x;y;z) = f(xyz)
!(x) !(y) !(z)
!(xyz)
=  !(f)(x;yz)
!(y) !(z)
!(yz)
= (i 
  !)  !(f)(x;y;z)
and so the following diagram commutes.240 Mathematical Sciences Vol. 4, No. 3 (2010)
L1(G;! 1)
 !         ! L1(G;! 1) 
 L1(G;! 1)
 !
? ?
y
? ?
y !
i
L1(G;! 1) 
 L1(G;! 1)         !
i
 !
L1(G;! 1) 
 L1(G;! 1) 
 L1(G;! 1)
Next, it is clear that ! is a linear map from L1(G;! 1) to L1(G;! 1) and
!(f ! g) = !(g) ! !(f); !(  f) = !(f ); !(!(f)) = f;
for every f;g 2 L1(G;! 1). Also, for f 2 L1(G;! 1) we have
(&   !  !)(f)(x;y) = !(f)(yx)
!(y) !(x)
!(yx)
= f(x 1y 1)
!(y) !(x)
!(yx)
=  !(f)(x 1;y 1)
= ((! 
 !)   !)(f)(x;y)
hence the following diagram commutes.
L1(G;! 1)
!         ! L1(G;! 1)
 !
? ?
y
? ?
y !
L1(G;! 1) 
 L1(G;! 1)         !
!
!
L1(G;! 1) 
 L1(G;! 1)
The rest easily follows from Lemma 2.2.
The rest of this section is devoted to the study of positive denite elements of
L1(G;! 1). Let H = (M; ;) be a co-involutive Hopf-von Neumann algebra. An
element x 2 M is called positive denite if for all X 2 M the number hx;X  Xi is
positive [2, 1.3.1].
Let  be a non-degenerate -representation of L1(G;!) over a Hilbert space H.
We denote the von Neumann algebra generated by (L1(G;!)) in B(H) by A. We
dene a linear mapping  from the predual of A to L1(G;! 1) by
h(
);fi = h(f);
i (f 2 L1(G;!); 
 2 (A)):Amin Mahmoodi 241
Then  is norm-continuous and jjjj  jjjj. Also (L1(G;!)) is weakly dense in A
and  is injective [2, 1.3.4]. If  is a non-degenerate -representation of L1(G;!) over
a Hilbert space H, for each f in L1(G;!) and 
 in (A), we have
h(f);
i =
Z
G
f(s) !(s) hG(s);
i ds;
so that the element (
) in L1(G;! 1) is almost everywhere equal to the continuous
function s 7 ! hG(s);
i !(s):
Theorem 2.5 For an element f 2 L1(G;! 1), the following are equivalent.
(i) The function f is positive denite, that is
Z
G
f(t) (h ?! h)(t) dt  0 ; (h 2 L1(G;!)) :
(ii) There exists a Hilbert space H, a vector  2 H, a continuous unitary represen-
tation  of G on H, such that for almost all t 2 G,
f(t) = ((t) j ) !(t):
(iii) The function f is positive denite and almost everywhere equal to a continuous
function.
Proof. (i) ) (ii). By [2, 1.3.8], there exists a Hilbert space H, a vector  2 H, and
a non-degenerate -representation  of L1(G;!) on H such that f = (
), where 

is dened by 
 : L(H)  ! C; T 7 ! (T j ): Now, by the above observation,
f(t) = (
)(t) = h(t);
i !(t) = ((t) j ) !(t);
for almost all t in G.
(ii) ) (iii). It is clear that f is almost everywhere equal to a continuous function,
and for each h 2 L1(G;!) we have
hf;h ?! hi =
Z
G
f(t) (h ?! h)(t) dt
=
Z
G
((t) j ) !(t) (h ?! h)(t) dt
= ((h ?! h) j )  0 :242 Mathematical Sciences Vol. 4, No. 3 (2010)
(iii) ) (i). This is trivial.
We end this section by an observation about products of representations. Let  and
 be non-degenerate -representations of L1(G;!). By [2,1.4.3], for each 
 2 (A) and


0
2 (A), the element (  )(
 
 

0
) is almost everywhere equal to the function
s 7 ! hG(s);
i hG(s);

0
i !(s) = hG(s) 
 G(s);
 
 

0
i !(s):
Hence it is easy to conclude that the Kronecker product    is the non-degenerate
-representation of L1(G;!) associated to the tensor product representation  
  of
G.
3 Weighted Fourier-Stieltjes Algebras
Let H = (M; ;) be a co-involutive Hopf-von Neumann algebra. The space C(H),
the enveloping C-algebra of M, B(H), the dual space of C(H) and W(H), the
enveloping von Neumann algebra of C(H), that is the bidual of C(H), are dened
and studied in [2,1.6.1]. In this section we calculate these spaces for H!(G). As before,
G is a locally compact group and ! is a symmetric weight function on G.
We follow the standard procedure which start by dening a C-norm on L1(G;!)
by
jjfjj := sup

jj(f)jj (f 2 L1(G;!))
where the sup is taken over the set of all non-degenerate -representations of L1(G;!).
By [Tak, Proposition 5.2], jj:jj  jj:jj! and the completion of (L1(G;!);jj:jj) is a C-
algebra, which is called the weighted group C-algebra (of G) and is denote by C(G;!).
Let  =  be the universal representation of L1(G;!) in H = H, then
C(G;!) could also be regarded as the norm completion of (L1(G;!)) in B(H). This
implies that for every -representation  of L1(G;!), there exists a surjective homomor-
phism   from C(G;!) onto the C-algebra C
(G;!) generated by (L1(G;!)), such
that  =  . In particular, one could identify C
(G;!) with a quotient of C(G;!).
Thus if we denote the dual space of C(G;!) by B(H!(G)), the dual of C
(G;!) is
isometrically identied with a closed subspace B(;! 1) of B(H!(G)). More precisely,
to each element  of C(G;!), one associates the element   in B(H!(G)). Moreover,
an element of B(H!(G)) belongs to B(G;! 1) if and only if it vanishes on ker( ).Amin Mahmoodi 243
Let W(G;!) denote the enveloping von Neumann algebra of C(G;!) [Tax], which
could be identied, as a Banach space, with the dual of B(H!(G)). Then the image of
the universal representation  of L1(G;!) is in W(G;!), and for each -representation
 of L1(G;!), there exists a normal homomorphism s from W(G;!) to A, such that
  is the restriction of s to C(G;!) and  = s. In particular, we get a continuous
homomorphism (s) from (A) to W(G;!) = C(G;!) such that (s) = ,
whence  implements a one-to-one linear mapping from B(H!(G)) to L1(G;! 1).
We use the same notation  to show the continuous unitary representation of G
associated to the universal representation of L1(G;!), usually called the universal rep-
resentation of G. Then, given a non-degenerate -representation  of L1(G;!), for each

 2 (A) and t 2 G, we have
h!(t) (t);
i = h(
);ti = h(s)(
);ti
= h(s)(
);(t)i = h
;s(t)i;
hence
s(t) = !(t) (t) ;(t 2 G):
Each element  2 C
(G;!) could be written as a linear combination of positive el-
ements. In particular, ( ) = () is a linear combination of positive denite
elements of L1(G;! 1), hence from Theorem 2.5 and [2, 1.6.2], one can observe that
every element f in (B(G;! 1))  L1(G;! 1) is almost everywhere equal to a con-
tinuous function, and for every element f in Cb(G;! 1) and every -representation 
(including ), if we dene
jjfjj;! := sup f j
Z
G
f(t) h(t) dtj : h 2 L1(G;!); jj(h)jj  1 g
then (B(G;! 1)) ( resp. B(H!(G))) is exactly the set those functions f in
Cb(G;! 1) such that jjfjj;! < 1 ( resp. jjfjj;! < 1). We put B(G;! 1) :=
(B(G;! 1)) and denote B(G;! 1) simply by B(G;! 1). These are complete
normed vector spaces, which could be identied with the Banach space duals of C
(G;!)
and C(G;!), respectively. In particular, B(G;! 1) is the predual of von Neumann
algebra W(G;!).
Theorem 3.1 There exists a unique homomorphism   from W(G;!) to the von
Neumann algebra tensor product W(G;!)
W(G;!) and a unique anti automorphism244 Mathematical Sciences Vol. 4, No. 3 (2010)
 of W(G;!) such that for all t 2 G
 ((t)) = !(t) (t) 
 (t); ((t)) = !(t) (t);
and (W(G;!); ;) is a symmetric co-involutive Hopf-von Neumann algebra.
Proof. It is clear that any non-degenerate -representation of L1(G;!) has a unitary
generator, in the sense of [2, 1.5.2]. So by [2, 1.6.7],   = s and  = s , where   is
an anti representation of L1(G;!), dened by  (h) = (h  ), for h 2 L1(G;!) (see
[2, 1.6.6]). For all t in G
s (t) = !(t) (t) 
 (t);
s  (t) = !(t) (t)
in particular s(1) = 1 
 1, which ends the proof.
We call W(G;!) the weighted Ernest algebra of G.
Theorem 3.2 The following assertions are equivalent for a function f on G.
(i) f belongs to B(G;! 1), that is f 2 Cb(G;! 1) and
jjfjj;! = sup f j
Z
G
f(t) h(t) dtj : h 2 L1(G;!); jj(h)jj  1 g < 1;
where  is the universal representation of L1(G;!).
(ii) f is a linear combination of continuous positive denite functions on G.
(iii) There exists a Hilbert space H, vectors ; 2 H, and a continuous unitary
representation  of G on H such that
f(t) = ((t) j ) !(t):
Proof. (i) ) (ii). First note that by [2, 1.6.9], the map ! is a faithful representation
of the algebra B(H!(G)) in L1(G;! 1). Using the observations before Theorem 3.1
and [2, 1.6.10], we see that B(G;! 1) is the image of the involutive algebra B(H!(G))
under this representation. Now by [2, 1.6.10], and Theorem 2.5, the implication is
trivial.
(ii) ) (iii). This is a corollary of Theorem 2.5.Amin Mahmoodi 245
(iii) ) (i). Straightforward calculation.
The faithful representation !, used in the proof of Theorem 3.2, is called the
Fourier-Stieltjes representation. It is easy to check that B(G;! 1) is a subalgebra of
Cb(G;! 1) and with norm jj:jj;! is a Banach algebra, which is called the weighted
Fourier-Stieltjes algebra of G. We have already noted that B(G;! 1) can be identied
with the Banach space dual of C(G;!). Now in the light of the above theorem, the du-
ality pairing between an element f 2 B(G;! 1) with presentation f(t) = ((t)j)!(t)
and h 2 C(G;!) is given by hf;hi = ((h)j); where  has canonically lifted to a
non-degenerate representation of C(G;!).
4 A Kac Algebra
Recall that a weight on a von Neumann algebra M is an additive mapping  : M+  !
[0;1] such that (x) = (x), for all  in R+ and x in M+ [2, 2.1.1]. Dening
M+
 = f x 2 M+ : (x) < 1 g and N = f x 2 M : (xx) < 1 g ;
we see that N is a left ideal in M and the involutive algebra N
N is the linear span
of M+
, denoted by M, and the map  extends to a positive linear form on M. If 
is a faithful, semi-nite, normal weight, then the left ideal N equipped with the scalar
product (x;y) 7 ! (yx), (x;y 2 N), is a pre-Hilbert space. This is then completed
to a Hilbert space H with a canonical injection  : N ! H. Finally the modular
automorphism group 

t is dened by 

t (x) = it
x it
 ; for x 2 M;t 2 R, where 
is the modular operator, associated to , see [2, 2.1.1 (iv)] for more details.
Denition 4.1 (2, 2.2.1) (a) Let (M; ) be a Hopf-von Neumann algebra and  be
a faithful, semi-nite, normal weight on M. We say that  is left invariant with respect
to   if
(i 
 ) (x) = (x)1 (x 2 M+):
In this case,  satises the weaker property  (N)  Ni
.
(b) Let H = (M; ;) be a co-involutive Hopf-von Neumann algebra and  be a
faithful, semi-nite, normal weight on M. We say that  is a Haar weight on H if
(i)  (N)  Ni
.246 Mathematical Sciences Vol. 4, No. 3 (2010)
(ii) (i 
 )((1 
 y) (x)) = ((i 
 ) (y)(1 
 x)) (x;y 2 N):
(iii) 

t = 

 t (t 2 R):
In this case, the quadruple K = (M; ;;) is called a Kac algebra.
Next we show that K!(G) := (L1(G;! 1); !;!;!) is a Kac algebra.
Theorem 4.2 The map
! : L1(G;! 1)+ ! [0;1]; f 7 !
Z
G
f(s)
!(s)
ds
is a left invariant, faithful, semi-nite, normal weight on L1(G;! 1), which is a Haar
weight on H!(G).
Proof. We identify H! with L2(G;! 1) and N! with L2(G;! 1)\L1(G;! 1). For
f 2 L1(G;! 1)+ and s;t 2 G, we have
(i 
 !) !(f)(s;t) =
Z
G
 !(f)(s;t)
!(t)
dt =
Z
G
f(st)
!(s)
!(st)
dt
=
Z
G
f(t)
!(s)
!(t)
dt = !(s) !(f);
hence ! is left invariant. Moreover, for f;g 2 L2(G;! 1) \ L1(G;! 1) and s;t 2 G,
(i 
 !)((! 
  g) !!  !(f))(s;t) =
Z
G
(! 
  g)(s;t)  !(f)(s;t)
!  !(s;t) !(t)
dt =
Z
G
 g(t) f(st)
!(s)
!(t) !(st)
dt
=
Z
G
 g(s 1t) f(t)
!(s 1)
!(t) !(s 1t)
dt =
( !( g) !! (! 
 f))(s 1;t)
!(t)
= i 
 !( !( g) !! (! 
 f))(s 1;t) = !((i 
 !)( !( g) !! (! 
 f))(s;t):
Finally, it is easy to check that !
!
t = 
!
 t! and (f ! g) = (g ! f).
Following [2, 2.3.2, 2.3.5], we dene two representations ` and  of the Banach
algebra M in H, dened by
`(X)(x) = ((x 
 i) (x)) (X 2 M;x 2 N)
and (X) = `(X ), for X 2 M. In order to calculate the fundamental operator (see
next paragraph) of K!(G), we need to calculate the representations ` and  of L1(G;!)
in L2(G;! 1). For each f 2 L1(G;!) and g 2 L2(G;! 1) \ L1(G;! 1), we have
(`(f)g)(t) = (f 
 i) !(g)(t) =
Z
G
f(s)  !(g)(s;t)ds =
Z
G
f(s) g(st)
!(s)!(t)
!(st)
ds;Amin Mahmoodi 247
and
((f)g)(t) = `(f  !)(t) =
Z
G
f(s)!g(st)
!(s) !(t)
!(st)
ds =
Z
G
f(s) g(s 1t)
!(s)!(t)
!(s 1t)
ds;
for each t 2 G. Also, it is clear that for each f 2 L1(G;!), the operator (f) is the
restriction of !(f) to L2(G;! 1)\L1(G;! 1), where ! is the left regular represen-
tation of L1(G;!).
Let (M; ) be a Hopf-von Neumann algebra and  be a left invariant weight with
respect to  . By [2, 2.4.2], there exists a unique isometry W such that  (x)W =
W(1 
 x) for each x 2 M. The operator W is called the fundamental operator of
(M; ;). Now we are ready to calculate the fundamental operator W! of K!(G).
Theorem 4.3 The function t 7! !(t) considered as element of Cb(G;B(L2(G;! 1))),
which is identied with a subspace of B(L2(G;! 1) 
 L2(G;! 1)), is equal to W
!,
where W! is the fundamental operator of the Kac algebra K!(G), and  is the ip
operator on L2(G;! 1) 
 L2(G;! 1).
Proof. Let g;h be in L2(G;! 1) \ L1(G;! 1), then by [2, 2.4.2 (i)], for each
s;t 2 G,
W!(g 
 h)(s;t) =  !(h) !! (g 
 !)(s;t) = h(st)g(s)
!(t)
!(st)
= (g 
 h)(s;st)
!(t)
!(st)
:
Hence, by continuity, for each f 2 L2(G  G;(!  !) 1), and s;t 2 G,
W!(f)(s;t) = f(s;st)
!(t)
!(st)
:
Now, each  2 L2(G;L2(G;! 1)) could be identied with an element f 2 L2(G 
G;(!  !) 1), via f(s;t) = (t)(s) !(t), and
(W
!(t))(s) = f(t 1s;t)
!(s)
!(t 1s)!(t)
= (t)(t 1s)
!(s)
!(t 1s)
= (!(t)(t))(s):
The -representation ! of L1(G;!) in L2(G;! 1)) is called the Fourier represen-
tation of K!(G), see [2, 2.5.3]. This is nothing but the lifting of the !-left regular
representation of G to a non-degenerate representation of L1(G;!). The von Neumann
subalgebra of B(L2(G;! 1)) generated by the image of !, is the von Neumann algebra
V N(G;!). Note that ! is non-degenerated is also non-degenerate in the sense of [2,
2.6.3], and W
! is its generator [2, 1.5.2].248 Mathematical Sciences Vol. 4, No. 3 (2010)
5 Weighted Fourier Algebra
Let H = (M; ;) be a co-involutive Hopf-von Neumann algebra and let  be a Haar
weight on H. We use ^ M to denote the von Neumann algebra on H generated by .
By [2, 3.2.2], there exists a co-product ^   on ^ M given by
^  (x) = W(1 
 x)W (x 2 ^ M):
Also the involutive anti automorphism x 7 ! JxJ on ( see [2, Page 10] for a denition
of J) restricts to a co-inverse ^  on ^ M such that
^ ((X)) = (X  ) (X 2 M)
and the triple ( ^ M; ^  ; ^ ) is a co-involutive Hopf-von Neumann algebra, called the dual
co-involutive Hopf-von Neumann algebra of K [2, 3.3.2]. Next, we want to calculate
the co-product and co-inverse on the dual of K!(G). The following lemma is proved
similar to [2, 3.2.7]
Lemma 5.1 Let  be a unitary representation of G with the generator V and let !
be the !-left regular representation of G. Then for any t in G
V (1 
 !(t))V  = (t) 
 !(t):
Theorem 5.2 There exists a unique normal injective homomorphism ^  ! from V N(G;!)
to V N(G;!)
V N(G;!) and a unique normal anti automorphism ^ ! in V N(G;!) such
that for all t in G
^  !(!(t)) = !(t) 
 !(t);
and
^ !(!(t)) = !(t 1):
The triple (V N(G;!); ^  !; ^ !) is a symmetric co-involutive Hopf-von Neumann algebra
denoted by ^ H!(G). It is the dual co-involutive Hopf-von Neumann algebra associated
to the Kac algebra K!(G).
Proof. The existence of ^ ! is the only non trivial part of the statement. Applying [2,
3.3.1], we see that there exists a co-involutive ^ ! on (V N(G;!); ^  !) such that for all
f 2 L1(G;!), ^ !((f)) = (f  !). From Lemma 2.2,
(f  !)(t) = f(t 1)(t 1) (f 2 L1(G;!); t 2 G):Amin Mahmoodi 249
Hence
^ !(
Z
G
f(t) !(t) !(:) dt) = (f  !) =
Z
G
f(t 1) (t 1) !(t) !(:) dt
=
Z
G
f(t) !(t 1) !(:) dt;
therefore ^ !(!(t)) = !(t 1), for each t in G.
For a Kac algebra K, let C
(K) be the C-algebra generated by the Fourier rep-
resentation  of K. By [2, 1.6.1 (i)], we may identify the Banach dual of C
(K) with
a closed subspace B(K) of B(K). By then there is an isometric Banach algebra ho-
momorphism (s) from (A) to B(K), whose image is a closed subalgebra of B(K),
denoted by A(K), and called the Fourier algebra of K. An element of B(K) belongs
to A(K) if and only if it vanishes on kers [2, 3.3.4]. For the Kac algebra K!(G), the
homomorphism s from W(G;!) to V N(G;!) is given by
s((t)) = !(t) (t 2 G):
It is an H-morphism, in the sense of [2, 1.2.6], from the weighted Ernest algebra of G
to ^ H!(G).
The following lemma is the weighted case of a result due to Eymard [4], and it is
proved similarly (see also [2, 3.4.4]).
Lemma 5.3 For an element f 2 B(G;! 1), the following are equivalent:
(i) There exists a Hilbert space H, vectors ; in H, and a unitary representation
 of G on H, weakly contained in the !-left regular representation ! such that for all
t 2 G,
f(t) = ((t)j)!(t):
(ii) sup f
R
G jf(t) h(t) dtj : h 2 L1(G;!);jj(h)jj  1g < 1:
The space of functions satisfying any of the above equivalent conditions is denoted
by B(G;! 1), it is a closed ideal of the weighted Fourier-Stieltjes algebra B(G;! 1),
and is called the weighted Eymard algebra of G. The norms of elements of The space
B(G;! 1) can be identied with the dual of B(G;! 1) is given by the supremum
in part (ii) of the above lemma. Moreover, B(G;! 1) is naturally identied with the250 Mathematical Sciences Vol. 4, No. 3 (2010)
Banach dual of the C-algebra C
(G;!), generated by the !-left regular representation
of L1(G;!).
For every 
 in V N(G;!), the function f
(s) = h(s 1);
i!(s), s 2 G, is in
B(G;! 1), and the set A(G;! 1) of all such functions form a closed two sided
ideal of B(G;! 1), which is called the weighted Fourier algebra of G. Indeed,
since B(G;! 1) = (B(K!(G))) = !(B(K!(G))), all the claimed properties of
B(G;! 1) follow from the observations in section two and [2, 3.4.4]. Also by [2, 3.3.4],
!(A(K!(G))) consists of elements of the form !(s)(
) = !(
), where 

changes in V N(G;!). Now it is straightforward to check that !(
) = f
, and so
A(G;! 1) = !(A(K!(G))), and all the claimed properties of A(G;! 1) follow [2,
3.4.4]. In particular, the Banach space dual of A(G;! 1) is V N(G;!).
Next, following [2, 1.1.1(ii)], for elements f;g 2 L2(G;! 1), we dene a linear
form 
f;g on L(L2(G;! 1)) by h;
f;gi = (fjg)!, for  2 B(L2(G;! 1)): Applying
[2, 3.5.5] to K!(G), we observe that the Banach space predual of V N(G;!) could
be identied with the set of all linear forms 
f;g (restricted to V N(G;!)), for f;g 2
L2(G;! 1).
We nish this section by proving the weighted analog of [4] which states that A(G) =
L2(G)  L2(G). We use the usual convension ~ f(s) = f(s 1), s 2 G, where the bar
denotes complex conjugation.
Theorem 5.4 with the above notation, A(G;! 1) = f(
f
!)?(
g
!) ~! : f;g 2 L2(G;! 1)g.
Proof. For each f;g 2 L2(G;! 1);
 2 V N(G;!), and s 2 G,
h!(s 1);
f;gi!(s) = (!(s 1)fjg)!!(s) =
Z
G
(!(s 1)f)(t) g(t)
!2(t)
!(s)dt
=
Z
G
f
!
(t)(
g
!
~ )(t 1s)!(s)dt = ((
f
!
) ? (
g
!
~ ))(s) !(s);
so the result follows from the above observations.
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